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Abstract. We establish a new class of functional central limit theorems for partial sum of certain 
symmetric stationary infinitely divisible processes with regularly varying Levy measures. The limit 
process is a new class of symmetric stable self-similar processes with stationary increments, that 
coincides on a part of its parameter space with a previously described process. The normalizing 
sequence and the limiting process are determined by the ergodic theoretical properties of the flow 
underlying the integral representation of the process. These properties can be interpreted as de- 
termining how long is the memory of the stationary infinitely divisible process. We also establish 
functional convergence, in a strong distributional sense, for conservative pointwise dual ergodic 
maps preserving an infinite measure. 



1. Introduction 

Let X = (X\,X2, ■ ■ ■) be a discrete time stationary stochastic process. A (functional) central 
limit theorem for such a process is a statement of the type 



I 1 [ntl \ 
(1.1) \—^2x k -h n t,0<t<l\=>(Y(t), 

\ Cn fc=i / 



< t < 1 



Here (c n ) is a positive sequence growing to infinity, (h n ) a real sequence, and ( Y(t), < t < 1 
is a non-degenerate (i.e. non-deterministic) process. Convergence in (jl.ip is at least in finite 
dimensional distributions, but preferably it is a weak convergence in the space D[Q, 1] equipped 
with an appropriate topology. Not every stochastic process satisfies a central limit theorem, and 
for those that do, it is well known that both the rate of growth of the scaling constant c n and the 
nature of the limiting process Y = (Y(t), < t < l) are determined both by the marginal tails 
of the stationary process X and its dependence structure. The limiting process (under very minor 
assumptions) is necessarily se lf-similar with stationary increments; this is known as the Lamperti 



theorem; see 



Lampertil (|1962l ). 
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If, say, X\ has a finite second moment, and X is an i.i.d. sequence then, clearly, one can choose 
c n = n 1 / 2 , and then Y is a Brownian motion. With equally light marginal tails, if the memory is 
sufficiently short, then one expects the situation to remain, basically, the same, and this turns out 
to be the case. When the variance is finite, the basic tool to measure dependence is, obviously, 
the correlations, which have to decay fast enough. It is well known, however, that a fast decay of 
correlations is alone not sufficient for this purpose, and , in general, certain strong mixing condition s 

Merlevede et al.1 (|20od l. 



have to be assumed. See for example iRosenblattl ()1956l ) and, more recently, 
If the memory is not sufficiently short, then both the rate of growth of c n can be different from 
ra 1//2 , and the limiting process can be differen t from the Brownian motion . In fact, the lim iting 
process may fail to be Gaussian at all; see e.g. iDobrushin and Mai or Jl979|) and lTaaaul Jl979T ). 

If the marginal tails of the process are heavy, which, in this case, means that X\ is in the domain 
of attraction of an a-stable law, < a < 2, and X is an i.i.d. sequence then, clearly, one can choose 
c n to be the inverse of the marginal tail (this makes c n vary regularly with exponent 1/a), and then 
Y is an a-stable Levy motion. Again, one expects the situation to remain similar if the memory 
is sufficiently short. Since correlations do not exist under heavy tails, statemen ts of this type have 



been es tablished for specia 



mod els, often for moving average model s; see e.g 



Davis and Resnick 



(|1985l ). lAvram and Taqqul (|1992l ) and lPaulauskas and Surgailisl (|2008l ). Once again, as the memory 



gets longer, then both the rate of growth of c n can be different from that obtained by inverting 
the marginal tail, and the limiting process will no longer have independent increments (i.e. be 
an a-stable Levy motion). It is here, however, that the picture gets more interesting than in the 
case of light tails. First of all, in absence of correlations there is no canonical way of measuring 
how much longer the memory gets. Even more importantly, certain types of memory turn out to 
result in the limiting process Y being a self-similar a-stable process with s tationary increm ents of 
a canonical form, the so-called Linear Fractional Stable mo t ion; s ee e.g. iMaeiimal (|1983l ) for an 
example of such a situation, and ISamorodnitskv and Taqqul ()1994l ) for information on self-similar 
processes. However, when the memory gets even longer, Linear Fractional Stable motions disappear 
as well, and even more "unusual" limiting processes Y ma y appe ar. This phenomenon may qualify 
as change from short to long memory; see ISamorodnitskvl (|2006l ). 



In this paper we consider a functional central limit theorem for a class of heavy tailed stationary 
processing exhibiting long memory in this sense. It is particularly interesting both because of the 
manner in which memory in the process is measured, and because the limiting process Y that 
happens to be an extension of a very recently discovered self-similar stable process with stationary 
increments. Specifically, we will assume that X is a stationary infinitely divisible process (satisfying 
certain assumptions, described in details in Section [2]). That is, all finite dimensional distributions 
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of X are infinitely divisible; we refer the reader to lRajput and Rosinskil (|1989l ) for more information 
on infinitely divisible processes and their integral representations we will work with in the sequel. 

The class of central limit theorems we consider involves a significant interaction of probabilistic 
and ergodic theoretical ideas and tools. To make the discussion more transparent, we will only 
consider symmetric infinitely divisible processes without a Gaussian component (but there is no 
doubt that results of this type will hold in a greater generality as well). The law of such a process 
is determined by its (function level) Levy measure. This is a (uniquely determined) symmetric 
measure k on K N satisfying 



k^x = (xi,x 2 , . . .) G 



for all j G 



and 



/ for each j e 



N. 



such that for each finite subset ■ ■ ■ ,jk} of N, the /c-dimensional Levy measure of the infinitely 
divisible random vector (X^ , . . . , Xj k ) is given by the projection of k on the appropriate coordinates 



of x. See 



Maruvamal f|1970h . 



Because of the stationarity of the process X, its Levy measure fi is invariant under the left shift 
9 on M N , 

9(x 1 ,x 2 ,x 3 , . . .) = (x 2 ,x 3 , ...) . 

It has been noticed in the last several years that the ergodic-theoretical properties of the shift 
operator with respect to the Levy measure have a profound effect on the memory of the stationary 
process X. The Levy measure of the process is often described via an integral representation of the 
process, and in some cases the shift operator with respect to the Levy measure can be related to an 
opera tor ac ting on the space on w hich the integrals are taken. Thus, 



Rosiiiski and Samorodnitskv 



Samorodnitskv 



Royj ( 



20051 ) dealt with the ergodicity and mixing of stationary stable pro- 
20081 ) dealt with general stationary infinitely divisible processes. The effect of 



(|I996|) and 
cesses, while 

the ergodic-theoretical properties of the shift operator with r espect to the Levy m easure on the 
partial maxima of stationary stable processes was discussed in ISamorodnitskyl (|2004l ). 

In the present paper we consider stationary symmetric infinitely divisible processes without a 
Gaussian component given via an integral representation described in Section[2l This representation 
naturally includes a measure-preserving operator on a measurable space, and we related its ergodic- 
theoretical properties to the kind of central limit theorem the process satisfies. We consider the 
so-called conservative operators, that turn out to lead to non-standard limit theorems of the type 
that, to the best of our knowledge, have not been observed before. 



4 TAKASHI OWADA AND GENNADY SAMORODNITSKY 

We describe our setup in Section [2j In Section [3] we introduce the limiting symmetric a-stable 
(henceforth, SaS) process self-similar processes with stationary increments and discuss its proper- 
ties. In Section [5] we present the ergodic-theoretical notions that we use in the paper. The exact 
assumptions in the central limit theorem are stated in Section In this section we also present 
the statement of the theorem and several examples. The proof of the theorem uses several dis- 
tributional ergodic-theoretical results we present and prove in Section These results may be of 
independent interest in ergodic theory. Finally, the proof of the central limit theorem is completed 
in Section [7J 

2. The setup 
We consider infinitely divisible processes of the form 

(2.1) X n = [ f n (x)dM(x), n = l,2,..., 

Je 

where M is an infinitely divisible random measure on a measurable space (E, £), and the functions 
f n , n = 1, 2, . . . are deterministic functions of the form 

(2.2) f n (x) = foT n (x) = f(T n x), xeE, n=l,2,... , 

where / : E — > R is a measurable function, and T : E — > E a measurable map. The (independently 
scattered) infinitely divisible random measure M is assumed to be a homogeneous symmetric infin- 
itely divisible random measure without a Gaussian component, with control measure p and local 
Levy measure p. That is, p is cr-finite measure on E, which we will assume to be infinite. Further, 
p is a symmetric Levy measure on R, and for every A £ £ with p(A) < oo, M(A) is a (symmetric) 
infinitely divisible random variable such that 

(2.3) Ee iuM{A) = exp l-fi{A) J (l - cos(ux)) p(dx)\ u G R. 

It is clear that, in order for the process X to be well defined, the functions f n , n = 1, 2, . . . have 
to satisfy certain integrability assumptions; the assumptions we will impose below will be sufficient 
for that. Once the process X is well defined, it is, automatically, symmetric and infinitely divisible, 
without a Gaussian component, with the function level Levy measure given by 

(2.4) K = (px p)o R- 1 , 

with K : R x E R N g iven by K(x,s) = x(/i(s), / 2 (s), . . .) , s G E, x G R. For details see 



Raiput and Rosihskil (|1989l ). 

We will assume that the measurable map T preserves the control measure p. It follows imme- 
diately from (|2.4p and the form of the functions (/ n ) given in (12. 2p that the Levy measure k is 
invariant under the left shift 6 and, hence, the process X is stationary. We intend to relate the 
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ergodic-theoretical properties of the map T to the dependence properties of the process X and, 



subsequen t 



y, to the kind of central limit theorem the process satisfies. We refer the reader to 



Aaronsonl (|1997l ) for more details on the ergodic-theoretical notions used in the sequel. A short 



review of what we need will be given in Section below. 

Our basic assumption is that the map T is conservative. This property h a s alre ady b een observe d 
to be related to long memory in the process X; see e.g. I S amorodnitskvl (|2004l ) and iRovl ((2008). 
We will quantify the resulting length of memory by assuming, further, that the map T is ergodic 
and pointwise dual ergodic, with a regularly varying normalizing sequence. We will see that the 
exponent of regular variation plays a major role in the central limit theorem. 

The second major "player" in the central limit theorem is the heaviness of the marginal tail of 
the process X. We will assume that the local Levy measure p has a regularly varying tail with 
index —a, < a < 2. That is, 

(2.5) p(-,oo) € RV- a at infinity. 

With a proper integrability assumption on the function / in (|2.2p . the process X has regularly 
varying marginal (and even f i nite-d imensional) distributions, with the same tail exponent —a; see 



Rosihski and Samorodnitskyl (| 19931 ). That is, all the finite-dimensional distributions of the process 



are in the domain of attraction of a SaS law. 

This leads to a rather satisfying picture, in which the kind of the central limit theorem that holds 
for the process X depends both on the marginal tails of the process and on the length of memory 
in it, and both are clearly parametrized. 

In fact, in order to obtain the central limit theorem for the process X, we will need to impose more 
specific assumptions on the map T. We will also, clearly, need specific integrability assumptions on 
the kernel in the integral representation of the process. These assumptions are presented in Section 

El 

We proceed, first, with a description of the limiting process we will eventually obtain. 



3. The limiting process 

In this section, we will introduce a class of self-similar SaS processes with stationary incre- 
ments. These processes will later appear as weak limits in the central limit theorem. We will 
see this process is an extension ( to a w ider range of parameters) of a class recently introduced by 
Dombrv and Guillotin-Plantardl (|2009l ). Before introducing this process we need to some prelimi- 
nary work. 

For < P < 1, let (S/3(t),t > 0) be a /3-stable subordinator, i.e. a Levy process with in creasing 
sample paths, satisfying i^e -6 ' 5 ' 3 ^ = exp{— 16^} for 9 > and t > 0; see e.g. Chapter III of 



Bertoin 



6 



TAKASHI OWADA AND GENNADY SAMORODNITSKY 



(j 19961 ). Define its inverse process by 



(3.1) Mp(t) = S£(t) = inf{u>0 : Sp(u) > t}, t > . 

Recall that the marginal distributions of the process (Mg(t), t > 0) are the Mittag-Leffler distri- 
butions, with the Laplace transform 



n=0 



see Proposition 1(a) in iBinghaml ()197ll ). We will call this process the Mittag-Leffler process. This 
process has a continuous and non-decreasing version; we will always assume that we are working 
with such a version. It follows from (|3.2p (or simply from the definition) that the Mittag-Leffler 
process is self-similar with exponent /3. Further, all of its moments are fi nite. Recall, however, that 
this p rocess has neither stationary nor independent increments; see e.g. 



Meerschaert and Scheffier 



(|2004|). 

We are now ready to introduce the new class of self-similar SaS processes with stationary incre- 
ments announced at the beginning of this section. Let < a < 2 and < (3 < 1, and let (O', J 7 ', P') 
be a probability space. We define 

(3.3) Y at0 {t)= [ Mp((t-x) + ,oj')dZ a ^(u;',x), t>0, 

Jn'x[o,oo) 

where Z a ^ is a SaS random measure on fi' x [0, oo) with control measure P' x v, with u a measure 
on [0, oo) given by v{dx) = (1 — j3)x~^ dx, x > 0. Here Mp is a Mittag-Leffler process defined on 
(f2', J 7 ', P'). The random measure Z a ^ itself and, hence, also the process Y nj ft, are defined on s ome 



generic probability space J 1 ", P). We refer the reader to ISamorodnitskv and Taqqul ()1994j) for 
more information on integrals with respect to stable random measures. 

In Theorem 13.11 below we prove that the process (Y Qj/ g(i), t > 0) is a well defined self-similar 
SaS processes with stationary increments. We call it the ft -Mittag-Leffler (or /3-ML) fractional SaS 
motion. 

Theorem 3.1. The (3-ML fractional SaS motion is a well defined self-similar SaS processes with 
stationary increments. It is also self-similar with exponent of self-similarity H = (3 + (1 — /3)/a. 

Proof. By the monotonicity of the process Mg we have, for any t > 0, 

M B ((t - x) + ,J) a P'{du)v{dx) < t^E'M p {t) a < oo, 

[0,oo) Jfl' 
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which proves that the process (Y a) ^(t), t > 0) is well defined. Further, by the /^self-similarity of 
the process Mg, we have for any k > 1, t% . . . tk > 0, and c > 0, for all real 0\, ... ,9k, 

I /*0O ^ 1 

i V ^(cfy) I = exp \ - / E'\ V 9jM^{{ct j - x)+) "(1 - ^x'^dx } 
^ J I 7 ° ^ J 

= exp j^- J™ E'\J29 jC h Mp((tj -y) + )|°(l - fliT^y J = £exp ji £ O^Y^tj) j , 

which shows the ff-self-similarity of the /3-ML fractional SaS motion. 
For the proof of stationary increment property, it suffices to check that 

£exp J i 9j {Y at p(tj + a) - Y a ^(s)) 1 = E exp j i ^ 9^^) 



i=i 



for all A; > 1, t\ . . . tk > 0, s > 0, and 9\ . . . 9k € This is equivalent to verifying the equality in 

n 

~ R Ix . 



/ Efl,-^^- + « - x)+) - Mp((s - x)+)} 
Jo l ~, 

r E'\S29 j M fS ((t j -x) + ) a x-?d. 
Jo L =1 



Changing variable by r = s — x in the left hand side and rearranging the terms shows that we need 
to check the equality in 

(3.4) [ S E'lj^ejiMpitj + r) - Mp(r)) "(s-r^dr 

Jo \ j=1 

= [ E'\y29 j Mp((t j -x)+) "{x-P - {s + x)-P)dx. 
Jo ' i=1 

Let 5 r = Sp^Mfsfr)) — r be the overshoot of the level r > by the /3-stable subordinator 
(Sp(t),t > 0) related to (Mp(t),t > 0) by (|3.ip . The law of 5 r is known to be given by 



(3.5) 



P(5 r G dx) = — —r p (r + x) l x 13 dx, x > : 



7T 



see e.g. Exercise 5.6 in iKvprianoul (|2006l ). Further, by the strong Markov property of the stable 
subordinator we have 

{M p (t + r) - M p {r), t > 0) = (M„((< - 5 r )+), t > 0) , 

with the understanding that Mp and 5 r in the right hand side are independent. We conclude that 

k 



(3.6) 



E'l^iM^+^-M^rWis 



sin/37r 



7T 
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E'lJ^OjMpdtj - x) + )\ a r P {r + x)- 1 x~ /3 (s - r)~ p drdx. 
i=i 



Using the integration formula 



1-t 



t + y 



dt 



7T 



sin/37r 



1 



1+y 



y > o. 



given on p. 338 of iGradshtevn and Rvzhikl (|1994l ). shows that (|3.6p is equivalent to (|3,4p . This 
completes the proof. □ 

Recall that, when < j3 < 1/2, the Mittag-Leffler process of (|3.ip is distributionally equivalent 
to the local time at zero of a symmetric stable Levy process with index of stability /3 = (1 — /3) -1 . 
Specifically, let (Wo(t), t > 0) be a symmetric /3-stable Levy process, such that Ee irW ^ = 
exp{— i[r|^} for r E R and t > 0. This pro c ess h as a jointly continuous local time process, 
Lt(x), t > 0, x € R; see e.g. 

(3.7) 



Getoor and Kestenl (|l972l ). Then 



(M^(t), t > 0) = ( C/3 L t (0), f > 0) 



for some > 0; see Section 11.1.1 in iMarcus and Rosenl f)2006l ) . Therefore, in the range < (3 < 
1/2, the /3-ML fractional SqS motion (|3.3p can be represented in law as 



(3.8) 



Y a ,p(t) = cp 



L(t-x)+(Q,u')dZ a ^(J \x), t>0, 



'n'x[o,oo) 

where (-L^(x)) is the local time of a symmetric /3-stable Levy proce ss defined on (Q / , T' , P') . Recall 
also t he /3-stabl e local time fractional SaS motio n introduced in Dombrv and Guillotin-Plantardl 
(2009) (see also ICohen and Samorodnitskvl ()2006l )). That process can be defined by 



(3.9) 



n'xR 



where Z a is a SaS random measure on fi' 
fact, if 0< < 1/2, 



L t (x, uj') dZ a (u;' , x) , t>0, 

with control measure P' x Leb. We claim that, in 



(3.10) 



(Y a ^(t) t >0) =cf{Y a% p{t) t>0), 



for some multiplicative constant cl 1 ' . Therefore, one can view the ML fractional SaS motion as an 
extension of the /3-stable local time fractional SaS motion from the range 1 < /3 < 2 to the range 
1 < /3 < oo. It is interesting to note that the central limit th eorem in Section [5] is of a very diff erent 
type from the random walk in random scenery situation of Cohen and Samorodnitsky ( 20061 ) and 



Dombrv and Guillotin-Plantardl (120091 ). 



To check (pTTPl) . let 



H x = M{t>0: W&{t) = x}, x € R. 
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Since 1 < < 2, H x is a.s. finite for any see e.g. Remark 43.12 in ISatd (119991 ) . Further, by 

the strong Markov property, for every the conditional law of [L,H x +t{x), t > 0) given F' H , 

coincides a.s. with the law of (L t (0), t > 0). We conclude that for any fe > 1, ti . . . t& > 0, and real 
9x,...,6h, 



%Ee X p{J20 j Y a)fi (t j )}= [ E'\j20 j L tj (a 

;=i J 7k ;=i 



dx 



where F x is the law of H x . Using the obvious fact that H x = \x\^H±, an easy calculation shows that 
the mixture J* R F x dx is, up to a multiplicative constant, equal to the measure v in ()3.3p . Therefore, 



for some constant c 



(i) 



ft, ft7 

log^expj^^c^y^^)} = -logEexp{^%y a ^(^)} , 



3=1 



3=1 



and (I3TTU|1 follows. 



Remark 3.2. It is interesting to observe that, for a fixed < a < 2, the range of the exponent of 
self-similarity H = f3 + (1 — /3)/a of the /3-ML fractional SaS motion, as /3 varies between and 
1, is a proper subset of the feasible range of the exponent of s elf-similarity of stationary increm ent 
self-similar SaS processes, which is < H < max(l, 1/a); see ISamorodnitskv and Taqqul (| 19941 ). 



It was shown in 



Dombrv and Guillotin-Plantardl (|2009l ) that the stable local time fractional SaS 



motion is Holder continuous. We extend this statement to the ML fractional SaS motion. 

Theorem 3.3. The (3-ML fractional SaS motion satisfies, with probability 1, 

\Y a> p(t)-Y a>p (s)\ 



sup 



if < a < 1, and 



if I < a < 2. 



0<s<t<l/2 (t - s)P\log(t - S)] 1 P 

\Y a> p{t)-Y ai p(s)\ 



< oo 



sup 



0<s 



<t<l/2 (t - S^logO - S)| 



3/2-/3 



< OO 



Proof. The statement of the theo rem follows from Lemma |3.4 | and the argument in Theorem 5.1 i n 
Cohen and Samorodnitskvi (|2006l ); see also Theorem 1.5 in lDombrv and Guillotin-Plantardl ((2009). 

□ 
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The next lemma establishes Holder continuity of the Mittag-Leffler process (J3JJ). The statement 



might be known, but we could not find a reference, so we 
< j3 < 1/2 (most of) the statement is in Theorem 2.1 in 
the local time (|3.7p . 



present a si mple argument. In the case 



Ehml (|198ll ). through the relation with 



Lemma 3.4. For B > let 

K 



sup — 

0<s<t<s+l/2<B (t 



\Mp{t)-M p {s)\ 
- sf\\og{t - s)\ 1 ' 



Then K is an a.s. finite random variable with all finite moments. 

Proof. Because of the self-similarity of the Mittag-Leffler process it is enough to consider B = 1/2. 
In the course of the proof we will use the notation c(/3) for a finite positive constant that may 
depend on j3, and that may change from one appearance to another. Recall the lower tail estimate 
of a positive /3-stable random variable: 

(3.11) P{Sp(l) < 0) < exp{-c{p)0-M x -fi}, < 9 < 1 ; 

see 



Zolotarevi (jl98ffl . Let A > 1. We have 



P(K>\)<Y,P 
For n = 1, 2, 



n=l 



sup Mp(t) - Mp{s) > c(/3)\n 

0<s<t<l/2 
2-(«+l) <t-s<2~™ 



1-Prf-nP 



n=l 



g«(A)+^(A). 



(2), 



we use the following decomposition: 

q n (X)<P{Sp(\logn) < 1/2) 

+P for some < t < Alogn, Sp(t + c{p)Xn l ~^2- n ^ - Sp{t) < 2~ 
Using (|3.1ip and self-similarity of the stable subordinator, we obtain 

oo 

^^(^^c^^expj-c^A 1 /^)}. 

n=l 

On the other hand, 

#(A) < p( K Sp{2~\i+l)c{p)Xn l -^2- n ^-Sp{2- l ic{P)Xn l -^2- n ^ < 2~ n , 

with K n < 2c(/3) _1 n /3_1 2 n ^ log n. Switching to the complements, and using once again (13. lip 
together with the independence of the increments and self-similarity of the stable subordinator, we 
conclude, after some straightforward calculus, that for all A > A(/3) G (0, oo), 

oo 
n=l 

The resulting bound on the tail probability P{K > A) is sufficient for the statement of the lemma. 

□ 



some i = 0, 
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Recall that the only self-similar Gaussian process with stationary increments is the Fractional 
Brownian motion (FBM), whose law is, apart from the scale, unique ly determined by the self- 
similarity parameter H £ (0, 1); see ISamorodnitskv and Tag qui (|1994| ). This parameter of self- 
similarity also determines the dependence properties of the increment process of the FBM, the 
so-called Fractional Gaussian noise, with the case H > 1/2 regarded as the long memory case. In 
contrast, the self-similarity parameter almost never determines the dependence p roperties of the 
i ncrem ent processes of stable self-similar processes with stationary increments; see ISamorodnitskv 
(|2006l ). Therefore, it is interesting and important to discuss the memory properties of the increment 
process 



(3.12) 



We refer the reader to 



vt P) =Y a>p (n + l)-Y ai0 ( 



n 



n = 0,l,2,...,. 



Rosihskil (|l995l ) and ISamorodnitskv! (|2005l ) for some of the notions used in 



the statement of the following theorem. 

Theorem 3.5. The stationary process (Vn"'^) is generated by a conservative null flow and is 
mixing. 



Proof. Note that the increment process has the integral representation 

V^ ] = [ (Mp({n + l-x)+,u/)-Mp((n-x)+,u/))dZ a>f) (u',x), n = 0,l,2,.... 

Jn'x[o,oo) 

Since for every x > 0, on a set of P' probability 1, by the strong Markov property of the stable 
subordinator we have 



we see that 



limsupM /3 ((n + 1 - x)+) - Mp((n - x) + ) > 0. 



^(M/3((n + l - x)+,uj') - Mp((n - x) + ,co')) a = oo P' x v a.e. 

n=l 



By Corollary 4.2 in iRosihskil (| 19951 ) we conclude that the increment process is generated by a 
conservative flow. 

It remains to prove that the increment process is mixing, since mixing i mplies ergodicity which , 



Rosihski and Zak 



in turns, implies that the increment proce ss is generated by a null flow; see I S amorodnitskvl (|2005l ) 
By Theorem 5 of 



19961 ). it is enough to show that for every e > 0, 

(P' x !/){(&/, a?) : Mp{{l-x) + ,J) > e, Mp((n + 1 - x)+, (J) - Mp((n - x)+, u/) > e} 
— > as n — >• oo. 
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However, an obvious upper bound on the expression in the left hand side is 

f P'{Mp(n + l -x) - Mp{n-x) > e) (1 - 0)x~ p dx 
Jo 

= [ P'(M (3 ((l-5 n „ x ) + )>e)(l-p)x-Pdx, 
Jo 

where for r > 0, S r is a random variable, independent of the Mittag-Lefner process, with the 
distribution given by (13. 5ft . Since 6 r converges weakly to infinity as r — > oo, by the dominated 
convergence theorem, the above expression converges to zero as n — >• oo. □ 

Remark 3.6. Two extreme cases deserve mentioning. A formal substitution of f3 = into (I3.2p 
leads to a well-defined process Mq(0) = and Mo(t) = E, the same standard exponential random 
variable for all t > 0. This process is no longer the inverse of a stable subordinator. It can, however, 
be used in (13. 3ft . It is elementary to see that the resulting SaS process Y a ^ is, in fact, a SaS Levy 
motion. 

On the other hand, a formal substitution of (3 = 1 into (|3.2|) leads to the degenerate process 
Mi(t) = t for all t > (which can be viewed as the inverse of the degenerate 1-stable subordinator 
S\{t) = t for t > 0.) Once again, this process can be used in (|3.3h . if one interprets the measure v 
as the unit point mass at the origin. The resulting SaS process Y a> i is now the degenerate process 
Y a ,i(t) = rtai(l) f° r an t >0, where Y a i(l) is a SaS random variable. 

Both limiting cases, Y Qj o and Y a> i, are processes of a very different nature from the /3-ML frac- 
tional SaS motion with < (3 < 1. 



4. Some Ergodic Theory 

In this section w e present some ele ments of ergodic theo r y use d in this paper. The main reference 
for these notions is lAaronsonl (119971 ) ; see also IZweimiillerl (|2009l ) . 

Let (E,£,[i) be a u-finite measure space. We will often use the notation A = B mod /i for 
A, B £ £ when fi(AAB) = 0. 

Let T : E — > E be a measurable map that preserves the measure fi. When the entire sequence 
T, T 2 ,T 3 , ... of iterates of T is involved, we will sometimes refer to it as a flow. The map T is 
called ergodic if the only sets A in £ for which A = T~ 1 A mod [i are those for which \i{A) = or 
fi(A c ) = 0. The map T is called conservative if 



1a ° T n = oo a.e. on A 



71=1 



for every A £ £ with > 0. If T is ergodic, then the qualification "on j4" above is not needed. 
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The dual operator T is an operator -L 1 ( / u) — > ^ 1 (/u) defined by 

rffi/jor 1 ) 



Tf 



d/j, 



with vj a signed measure on (E,£) given by Vf(A) = f A fdfi, A € £. The dual operator satisfies 
the relation 



(4.1) / Tf-gd^ = / f-goTdfi 

Je Je 

for / G L 1 (/i), g £ L°°(/u). For any nonnegative measurable function / on E a similar definition 
gives a nonnegative measurable function Tf, and (|4.ip holds for any two nonnegative measurable 
functions / and g. 

An ergodic conservative measure preserving map T is called pointwise dual ergodic if there is a 
sequence of positive constants a n — > oo such that 

1 n - r 

(4.2) _^T k f^ fdv a.e. 

for every / E L l ([i). If the measure /U is infinite, pointwise dual e rgodicity rules ou t invertibility of 



the map T; in fact no factor of T can be invertible, see p. 129 of lAaronsonl (|1997I ). 

Sometimes the convergence of the type described in the definition (|4.2p of pointwise dual er- 
godicity is uniform on certain sets. Let A € £ be a set with < /j-(A) < oo. We say that A is 
a Darling-Kac set for an ergodic conservative measure preserving map T if for some sequence of 
positive constants a n — > oo, 



(4.3) — > T k lA -> uniformly, a.e. on A 

/7 ^- ^ 



fl " fc=l 



(that is, the convergenc e in (14.30 i s unifo rm on a measurable subset B of A with ^f(-B) = ^(yl)). 



By Proposition 3.7.5 of lAaronsonl (jl997l ). existence of a Darling-Kac set implies pointwise dual 
ergodicity of T, so it is legitimate to use the same sequence (a n ) in (|4.2|) and (|4.3p . 

Given a set A € £, the map ip : E — > NU {oo} defined by v , ( a; ) = inf{n > 1 : T n x € j4}, x E -E is 
called i/ie entrance time to A. If T is conservative and ergodic (in addition to being measure 
preserving), and n(A) > 0, then ip < oo a.e. on E. It is natural to measure how often the set A is 
visited by the flow (T n ) by the wandering rate sequence 

'n-l \ 

\jT- k A) , n = l,2,... . 




14 TAKASHI OWADA AND GENNADY SAMORODNITSKY 

There are several alternative expressions for the wandering rate sequence, the last two following 
from the fact that T is measure preserving. 

n— 1 n— 1 oo 

(4.4) Wn = Yj ^ A k) = ^2K Ar] {v> k }) = Yj min ( k > n M A n & = k "t) ■ 

k=0 k=0 k=l 

Here Aq = A and A^ = A c n {99 = £;} for A; > 1. If fi is an infinite measure, T is conservative and 
ergodic, and < [i{A) < 00, then it follows from (|4.4p that 

(4.5) w n ~ fj,((p < n) as n — > 00 . 

Let T be a conservative ergodic measure preserving map. If a set A is a Darling-Kac set, then 
there is a precise connection between the return sequence (w n ) and the normalizing sequence (a n ) 
in (j4.3j) (and, hence, also in (|4.2|) ) . assuming regular variation. Specifically, if either (w n ) £ RV\_p 
or (a n ) £ RVp for some /3 G [0, 1], then 



Proposition 3.8.7 in lAaronsonl (j 19971 ) gives one direction of this statement, but the argument is 
easily reversed. 

We will also have an opportunity to use a variation of the notion of a Darling-Kac set. Let T be 
an ergodic conservative measure preserving map. A set A £ £ with < fi{A) < 00 is said to be a 
uniform set for a nonnegative function g € L 1 ^) if 

1 n - f 

(4.7) — T k g — )• gdfi uniformly, a.e. on A. 

anfri Je 

If g = 1^, then a uniform set is just a Darling-Kac set. 



5. Central Limit Theorem Associated with Conservative Null Flows 

In this section we state and discuss a functional central limit theorem for stationary infinitely 
divisible processes generated by certain conservative flows. Throughout, T is an ergodic conserva- 
tive measure preserving map on an infinite a-finite measure space (E,£,fjA, and M a symmetric 
homogeneous infinitely divisible random measure on (E, £) with control measure ji and local Levy 
measure p, satisfying the regular variation with index —a, < a < 2 at infinity condition ()2.5|) . 
We will impose an extra assumption on the lower tail of the local Levy measure: for some po < 2 



(5.1) 



x po p(x, 00) — > as x — > 0. 
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Let / : E — > R be a measurable function. We will assume that / is supported by a set of finite 
/^-measure, and has the following integrability properties: 



(5-2) / G I 



L 1Vp (p) for some p > po if < a: < 1 
L°°(p) ifo = l 

L 2 (/i) if 1 < a < 2 



We will, further, assume that 
(5.3) //(/) = I f(s)»(ds)^Q. 



We consider a stochastic process X = (Xt, X 2 , . . .) of the form ([23]) - ((22]). The integral is well 
defined under the condition 

min(l, x 2 f n (s) 2 ) p{dx) fi(ds) < oo . 

It is not difficult to verify that this condition holds due to the assumptions on the Levy measure 
p and the integrability conditions (|5,2p on /. Therefore, the process X is a well defined infinitely 
divisible stochastic process. It is automatically stationary. The Levy measure of each X n is given 
by ^marg = (p x m) ° H , where H : R x E — >• R is given by -£f(x, s ) = x f( s )- The assumptions on 
the Levy measure p and the integrability conditions (|5.2p on / imply that 



(A, oo) ~ ( / \f(s)\ a p(ds) )p(X, oo) 
as A — >• oo. It follows that the marginal tail of the process itself is the same: 

P(X n > A) ~ (y |/( S )r M (d S ))p(A,oo) 



as A — )■ oo; see lRosihski and Samorodnitskyl (|1993l ). In particular, the marginal distributions of the 



process X are in the domain of attraction of a SaS law; its memory is determined by the operator 
T through ([23D . 

We will assume that the operator T has a Darling-Kac set A (recall (|4.3[) ). and that the nor- 
malizing sequence (a n ) is regularly varying with exponent (5 G (0, 1). We will also assume that the 
function / is supported by A. We will add an extra assumption on the set A. We will assume that 
there exists a measurable function K : E — >• M + such that, in the notation of (14.41) . 

T n lA 

(5.4) " -> K uniformly, a.e. on A. 

P\A n ) 

This condition is an ext ension of the pro perty shared by certain operators T, the so-called Markov 
shifts (see Chapter 4 in lAaronsonl (|1997l )). to a more general class of operators. See examples 15.51 
and 15.61 below. 
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Let p*~(y) = infjx > : p(x,oo) < y}, y > be the left continuous inverse of the tail of the 
local Levy measure. The regular variation of the tail implies that p^ € RVi/ a at infinity. Define 

(5.5) c n = T(l + f3)C-^ a a n p^(l/w n ), n = l,2,..., 



where C a is the a-stable tail constant (see ISamorodnitsky and Taqqul (|1994l )). (a n ) is the normal- 



izing sequence in the Darling-Kac property (j4.3j) (or, equivalently, in the pointwise dual ergodicity 
property (|4.2j) ). and (w n ) is the wandering rate sequence for the set A (related to the sequence (a n ) 
via (I4.6P ). It follows immediately that 

(5.6) c n G RV^x_py a . 

The sequence (c n ) is the normalizing sequence in the functional central limit theorem below. We 
will see that under the conditions of that theorem we have the asymptotic relation 

(5.7) p (c n /a n , oo) ~ C a (C a ^/T(l + (3)) a \p(f)\ a a« ^jf | f^f o T\x)\ a p(dx)^ as n -> oo , 
with 

(5.8) C a ,p = r(l + 0) ((1 - P)B{1 -(3,1 + ap)E (M^(1)) Q ) ^ . 

Here B is the standard beta function, and Mp the Mittag-Leffler process defined in (13.ip . The 
following is our functional central limit theorem. 

Theorem 5.1. Let T be an ergodic conservative measure preserving map on an infinite a-finite 
measure space (E, £, pj , possessing a Darling-Kac set A whose normalizing sequence (a n ) is regu- 
larly varying with exponent f3 £ (0, 1). Assume that (j5.4j) holds. Let M be a symmetric homogeneous 
infinitely divisible random measure on (E, £) with control measure p and local Levy measure p, sat- 
isfying the regular variation with index —a, < a < 2 at infinity condition (|2.5p . Assume, further, 
that (|5.ip holds for some po < 2. 

Let f be a measurable function supported by A and satisfying (|5.2p and (|5.3p . If 1 < a < 2, 
assume further that either 

(i) A is a uniform set for \ f\, or 

(ii) f is bounded. 

Then the stationary infinitely divisible stochastic process X = [Xi,X2, ■ ■ .) given by (I2.ip and (12. 2|) 
satisfies 

(5.9) — Y, x k => W)\Y a ,p inD[0,oc), 

Cn fc=i 

where (c n ) is defined by (|5.5p . and {Y a jj} is the f3- Mittag-Leffler fractional SaS motion defined by 
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Remark 5.2. The type of the limiting process obtained in Theorem 15. II is an indication of the long 
memory in the process X. On the other hand, the Darling-Kac assumption (14. 3ft and the duality 
relation (|4.ip imply that 

— V fi(A n T~ k A) = — V / l A -l A oT k dfi= / — V f k l A dfi^ fi{A) 2 e (0,oo) 
as n — > oo. Since a n = o(n), and / is supported by A, we see that for every e > 0, 

n n 

i/wi > e ' i/ ° Tk ( x )\ > 4 < - 2>(^ n T ~ kA ) -+ °> 

fe=l fc=l 



and it follows immediately, e.g. from Theorem 2 in lRosihski and Zakl (jl997l ). that the process X is 
ergodic. 

Under certain additional assumptions on the map T, one can check that the process X is, in 
fact, mixing. We skip the details. See, however, examples 15.51 and 15.61 below. 

Remark 5.3. The statement of Theorem 15.11 makes sense in the limiting cases /3 = and /3 = 1 
of Remark 13.61 (in the case f3 = 1 the constant C^i needs to be interpreted as c]j a \ Most of the 
argument in the proof of Theorem 15.11 automatically works in these cases. The limiting processes 
would then turn out to be, correspondingly, a SaS Levy motion and the straight line process; see 
Remark 13.61 This case f3 = corresponds to short memory in the process X, while the case (3 = 1 
corresponds to extremely long memory. 

Remark 5.4. When < a < 1, the argument we will use in the proof of Theorem 15.11 can be 
used to establish a "positive" version of the theorem. Specifically, assume now that the local Levy 
measure p is concentrated on (0, oo), and that the function / is nonnegative. Then 

, M 

(5.10) -X!*fc=M/)*Jg mD[0,oc), 

Cn k=i 

where {Y^p} * s a positive /3-Mittag-Leffler fractional a-stable motion defined as in (|3.3|) . but with 
SaS random measure Z a p replaced by a positive a-stable random measure with the same control 
measure. 

We finish this section with two examples of different situations where Theorem 15.11 applies . The 
first example is close to the heart of a probabilist. 

Example 5.5. Consider an irreducible null recurrent Markov chain with state space Z and tran- 
sition matrix P = (pij). Let € Z} be the unique invariant measure of the Markov chain that 
satisfies ttq = 1. We define a cr-finite measure on (E,£) = (Z N ,0(Z N )) by 



18 



TAKASHI OWADA AND GENNADY SAMORODNITSKY 



with the usual notation of -Pj(-) being the probability law of the Markov chain starting in state 
i £ Z. Since ^ • iTj = oo, is an infinite measure. 

Let T : Z N -»• Z N be the left shift map T(x , si, . . . ) = (a*, x 2 , . . . ) for {x k , fe = 0, 1, . . . } € Z N . 
Obviously, T preserves the measure /i. Since the Markov chain is irred ucible and null recurrent, 
the flow {T™} is conservative and ergodic; see Harris and Robbins ( 19531 ). 



Consider the set A = jx G Z N : xo = 0} and the corresponding first entrance time ip(a 
min{n > 1 : x n = 0}, x G Z N . Assume that 



(5.11) 



X^o(y> k) G RVi- 



■P 



k=l 



Resnick et al 



for so me (3 E (0,1). Since [i(ip = k) = Po(tp > k) for k > 1 (see Lemma 3.3 in 
(j200Ch ). we see that fj,(np < n) G RVx-p and, hence, by (|4.5j) . the wandering rates (w n ) have the 
same property, 

(5.12) WnERVx-p. 
In this example, 

T h lA(x) = Po(xk = 0), constant for x E A; 

see Section 4.5 in I Aaronso J (1997). In particular, the set A is a Darling-Kac set, and by (|5,12p and 
(14. 6p . we see that the corresponding normalizing sequence (a n ) is regularly varying with exponent 
/?. The assumption (|5.4j) is easily seen to hold i n this example. Indeed, applying the explicit 
expression for the dual operator given on p. 156 in lAaronsonl (|1997l ) to the function 

f(x ,x 1 ,.. .) = l[xj 0, j = 0, ... ,n- 1, x n = 0) , 

we see that 

f n l An (x ,xi,...) = l(x =0) X) X) Pwi • • • ^ ftn-2i„-iPi„-i0 

is constant on ^4 and vanishes outside of A Therefore, the ratio in (|5.4p is identically equal to 1 
on A. 

We conclude that Theorem 15.11 applies in this case if we choose any measurable function / 
supported by A and satisfying the conditions of the theorem. 

It is easy to see that the stationary infinitely divisible process X in this example is mixing. 
Indeed, by Theorem 5 of lRosiiiski and Zaki (|1996l ) it is enough to check that 

M {x: |/(x)| >e, |/oT n (x)| > e} ^ 

for every e > 0. However, since / vanishes outside of A, null recurrence implies that as n — > oo, 

^{x : |/(x)| > e, |/ o T n (x)\ > e}< fi(A n T~ n A) = P (x n = 0)^0. 
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The next example is less familiar to probabilists, but is well known to ergodic theorists. 
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Zweimiiller 



Exam ple 5.6. We start with a con s truct ion of the so-called AFN-system, studied in, e.g., 
I2OOO ) and Thaler and Zweimiiller ( 2006 ). Let E be the union of a finite family of disjoint bounded 
open intervals in R and let £ be the Borel cr-field on E. Let A be the one-dimensional Lebesgue 
measure. 

Let £ be a (possibly, infinite) collection of nonempty disjoint open subintervals (of the intervals 
in E) such that X(E\ Uze£ ^) = 0- Let T : E — > E be a map that is twice differentiable on (each 
interval of) E. We assume that T is strictly monotone on each 

The map T is further assumed to satisfy the following three conditions, (A), (F), and (N), 
(giving rise to the name AFN-system). 
(A) Adler's condition: 

T"/{T') 2 is bounded on \J Z . 

(F) Finite image condition: 

the collection T£ = {TZ : Z € £} is finite. 

(N) A possibility of non-uniform expansion: there exists a finite subset £ C £ such that each Z € C 
has an indifferent fixed point xz as one of its end points. That is, 

lim Tx = xz and lim T x = 1. 

x—txz,x£Z x—txz,x£Z 

Moreover, we suppose, for each Z € £, 

either T 1 decreases on (— 00, xz) H Z, or T' increases on (xz, 00) fl Z , 

depending on whether xz is the left endpoint or the right endpoint of Z. Finally, we assume that 
T is uniformly expanding away from {xz '■ Z £ £}, i.e. for each e > 0, there is p{e) > 1 such that 

\T'\ >p(e) on£\ |J ({x z - e, x z + e) n z) . 

zee 

If the conditions (A), (F), and (N) are satisfied, the triplet (E,T,£) is called an AFN-system, 
and the map T is called an AFN-map. If T is also conservative and ergodic with respect to A, and 
the collection ( is nonempty, then the AFN-map T is said to be basic; we will assume this property 
in the sequel. Finally, we will assume that T admits nice expansions at the indifferent fixed points. 
That is, for every Z € ( there is < (3z < 1 such that 

(5.13) Tx = x + a z \x-x z \ l/ 132+1 + o{\x-x z \ 1/Pz+1 ) as x -> x z in Z, 

for some az 7^ 0. 
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It is shown in 



Zweimiillerl (J200Cj) that every basic AFN-map has an infinite invariant measure 



fi <C A with the density given by d/j,/d\(x) = ho(x)G(x), where 
G(x)-- 



(x-x z )(x-(T\ z )- 1 (x)) 1 ifxeZeC, 
l iixeE\\J Ze( z. 



and ho is a function of bounded variation bounded away from both and infinity. We view T as a 
conservative ergodic measure-preserving map on the infinite measure space (E,£,fj,). 

An example of a basic AFN-map is Boole's transformation placed on E = (0,1/2) U (1/2,1), 
defined by 

x(l — a 



T(x) 



xe (0,1/2), T(x) = l-T(l 



z 6(1/2,1) 



1 — x — X 2 

It admits nice expansions at the indifferent fixed points xz = and x z = 1 with /3 Z = 1/2 in both 
cases. The invariant measure \x satisfies 



dX 



x) 



1 

X2 + (T 



1 



; , xeE. 



See 



Thaleri (|200lh . 



Let T be a basic AFN-map. We put 



e,sz + e) fl Z 



for some e > small enough so that the set A is non-empty. Since A (dA) = and A is bounded 
away from the indifferent fixed points {xz ■ Z € £}, it follows from Corollary 3 of lZweimiillerl ((2000) 
that A is a Darling-Kac set. Moreover, the corresponding normalizing sequence (a n ) is regularly 
varyin g with exponent j3 = min^ef Pz m the notation of (15. 13|) : see Theorems 3 and 4 in 



Thaler and Zweimiiller (200 



1. 



Zweimiiller 



(J2000J). The assumption (|5.4p also holds; see (2.6) in 

Once again, Theorem 15.11 applies if we choose any measurable fu nction / supported by A and 
satisfying the conditions of Theorem 15. 1[ Note that, by Theorem 9 in IZweimiillerl (J2000J), Riemann 
integrability of |/| on A suffices for the uniformity of the set A for |/|. 

The stationary infinitely divisible process X in this example is also mixin g. Indeed, the bas ic 
AFN-map T is exact, i.e. the cr-field r\^ =1 T~ n B is trivial; see e.g. p. 1522 in Izweimiillerl (1200ol ) . 
The exactness of T implies that 



n(ADT- n A) = [ f n l A dfx 

J A 







as n — > oo; see p. 12 in iThalerl (120011 ). Now mixing of the process X follows from the fact that / 
is supported by A, as in Example 15.51 
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6. Distributional Results in Ergodic Theory 

In this section we prove two distributional ergodic theoretical results that will be used in the 
proof of Theorem l5.1[ These results may be of interest on their own as well. We cal l our first result a 
genera lized Darling-Kac theorem, because the first result of this type was proved in lDarling and Kac 
(| 19571 ) as a distributional limit theorem for the occupation times of Markov processes and chains 
under a certain uniformity assumption on the transition law. The limitin g law is the Mit tag-Lefner 
distribution described in (|3.2p . Under the same setup and assumptions. iBinghaml ()197lh extended 
the result to weak convergence in the space D[0, oo) endowed with the Skorohod J\ topology, and 
the limiting pro cess is the Mittag-Leffle r process defined in (13.ip . 



The result of 



Darling and Kad (|1957l ) was put into ergodic-theoretic context by I Aaronsonl (|198ll ) 



who established the one-dimensional convergence for abstract conservative infinite measure pre- 
serving maps under the assumption of pointwise dual ergodicity, i.e. dispensing with a condition of 
uniformity. Furthermore, Aaronson proves convergence in a strong distributional sense, a stronger 
mode of converge nce than weak convergence. T he same strong distributional convergence was es- 



tablished later in 



Thaler and Zweimiillerl (|2006l ). with the assumption of pointwise du al ergodicity 



replace d by an averaged version of (I5.4p . The latter assumption was further weakened in lZweimiiller 
(|2007al ). Our result, Theorem 16.11 below, extends Aaronson's result to the space D[0,oo), under 
the assumption of pointwise dual ergodicity. 

We start with defining strong distributional convergence. Let Y be a separable metric space, 
equipped with its Borel cr-field. Let ffii,.Fi,m) be a measure space and (^2, -^2, -P2) a probability 
space. We say that a sequence of measurable maps R n : Oi — > Y, n = 1, 2, . . . converges strongly 
in distribution to a measurable map R : — > Y if Pi o R^ 1 => p 2 o R^ 1 in Y for any probability 
measure Pi < ra on (fii, J-i). That is, 



g{Rn) dPi -> / g(R) dP 2 
1 Jn 2 



for any such Pi and a bounded continuous function g on Y. We will use the notation R n 
when strong distributional convergence takes place. 



C(m) 



R 



Theorem 6.1. (Generalized Darling-Kac Theorem) 

Let T be an ergodic conservative measure preserving map on an infinite a-finite measure space 
[E, £, //I . Assume that T is pointwise dual ergodic with a normalizing sequence (a n ) that is regularly 
varying with exponent [3 £ (0,1). Let f G L 1 (fj 1 ) be such that fi(f) ^ 0, and denote S n (f) = 
Et=if°T k ,n=l,2,.... Then 

(6.1) — 5r n . 1 (/)^ ) M(/)r(l + /5)M j a(.) mD[0, M ), 
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where Mp is the Mittag-Leffler process, and D[0, oo) is equipped with the J\ topology. 



Proof. It is shown in Corollary 3 of IZweimullerl (j2007bl ) that proving weak convergence in (16.ip for 
one fixed probability measure on (E, £) , that is absolutely continuous with respect to /i, already 
guarantees the full strong distributional convergence. We choose and fix an arbitrary set A € 8 
with < i-i(A) < oo, and prove weak convergence in (16. ip with respect to (jla(') = M' ^ -^VM-^)- 

It turns out that we only need to consider one particular function f = 1 A and to establish the 
appropriate finite-dimensional convergence, i.e. to show that 

k 



.2) 



S\nU]{lA) 



{^A)T(l + P)M^U)) k l= i in 



i=l 



for all k > 1, < t\ < • • • < when the law of the random vector in the left hand side is computed 
with respect to fi A - 

Indeed, suppose that (|6.2p holds. By Hopf' s ergq dic theorem (also sometimes called a ratio 
ergodic theorem; see Theorem 2.2.5 in I Aaronsonl (|19971 )). the finite-dimensional convergence imme- 
diately extends to the corresponding finite-dimensional convergence with any function / 6 L l (/j,) 
such that /u(/) ^ 0. Next, write / = /+ — /_, the difference of the positive and negative parts. 
Since the proce ss {S^ nt -\ (/+), t > 0) has, for each n, nondecreasing sample paths, Theorem 3 in 
Bingham! (|197ll ) tells us that the convergence of the finite-dimensional distributions, and the con- 
tinuity in probability of the limiting Mittag-Leffler process already imply weak convergence, hence 
tightness, of this sequence of processes. Similarly, the sequence of the processes (<ST n f| (/-)> t > 0), 
n = 1, 2, ... is tight as well. Since both converge to a continuous limit, their sum, (<5V n f| (/), t > 0) , 
n = 1, 2, . . ., is tight as well, because in this cas e the unifo r m mo dulus of continuity can be used 
instead of the J\ modulus of continuity; see e.g. iBillingsleyl (|1999l ). 

This will give us the required weak convergence and, hence, finish the proof o f the theor em. 



It remains to show (|6.2p . We will use a strategy similar to the one used in iBinghaml (|197ll ) . 
We start with defining a continuous version of the process (S^nt] (1a) > t > 0) given by the linear 
interpolation 

i . . . i + 1 
n n ' 



(6.3) 



S n {t) = ({i + l)-nt)Si(l A ) + {nt-i)S i+1 (l A ) if -<t< 



0,1,2,. 



With the implicit argument x £ E viewed as random (with the law ^a)> each S n defines a random 
Radon measure on [0, oo). Therefore, for any k > 1 the fc-tuple product = S n x . . . x S n is a 
random Radon measure on [0, oo) k . By Fubini's theorem, 



S*(B)(x)fJL A (dx), B C [0,oo) fc , Borel, 
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is a Radon measure on [0,oo) fc . We define, similarly, S n , S k and rrin \ starting with S n (t) = 
Sfyt\ (1a) i t>0. Finally, we perform the same operation on the limiting process and define Mp tA 



by [i(A)T(l + fi)Mp, and then construct Mj$ >A and mJ A = EM^ A 

K 
and 



~ (k) 

Note that fh n is absolutely continuous with respect to the fc-dimensional Lebesgue measure, 



d k m ( n k 



n k / TTIa or^(x) / UA(dx) on ^ < t,- < »• = 0,1,..., j = l,...,Jfe. 



dti . . . dtk 



We will prove that for all k > 1, 9±, . . . , 0& > 0, 

-I /"OO yoo , /'OO /'OO , 

(6.4) -/•••/ e-^=^m^(dt l ,...dt k )^ ... / mf A (dt u . . . dt k ) 

a n J J ■/ ■/ 

as ?t. — y oo. We claim that this will suffice for (16.21). 



Indeed, suppose that (I6.4p holds. Convergence of the joint Laplace transforms implies that 



(vaguely) in [0, oo) fc . Since the rectangles are, clearly, compact continuity sets with respect to the 

(k) 

limiting measure A , we conclude that for every k = 1, 2, . . . and ij > 0, j = 1, . . . , k, we have 



K K 

II a^SnitjXx) fjt A (dx) = a~ k m^ (jj[0, 
A i=i i=i 

^ ^(iim) = ^[n + 

3=1 3=1 

as n — > oo. Since for every fixed e > and n > 1/e, 

for each t > 0, we conclude by monotonicity and continuity of the Mittag-Leffier process that 

(6.5) I \[a^ x S n {tj)iiA{dx) ->• £[[]M^r(l + Wfe) 

• /A i=i i=i 

We claim that (|6.5p implies (|6.2[) . By taking linear combinations with nonnegative weights, we see 

that it is enough to show that the distribution of such a linear combination, 

k 

^OjMpitj), 9j>0,j = l,...,k, 

3=1 

is determined by its moments, and by the Carleman sufficient condition it is enough to check that 

\ l/(2m) 



1 



oo . 
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A simple monotonicity and scaling argument shows that it is sufficient to verify only that 



1 



l/(2m) 



(6 ' 6) hwmr) =0 °- 

However, the moments of Mg(l) can be read off (|3.2p . and Stirling's formula together with elemen- 
tary algebra imply (|6.6p . Hence (|6.2p follows. 

It follows that we need to prove (|6.4p . Taking into account the form of the density of rhffi with 
respect to the /c-dimensional Lebesgue measure, we can write the left hand side of fj6.4|) as 

Fn,A(dw(l) ■ ■ ■ 8%(k)) > 

IT 

where 



F nA {e l ...e k ) 



n 



) I I e~ E ^ fi A \f]T- ^ A \ dti... dt k 
J J Jo<ti<-<t h I =1 / 



and 7r runs through the permutations of the sets {1, . . . , k}. To establish (|6.4|) . it is enough to verify 
that 



•7) 



F n , A (0i ...e k )^ (m(a)t(i + f3)) h ((e 1 + ... + e k )(e 2 + --- + e k )...e k ) 



as n oo, because Lemma 3 in iBinghaml ()197ll ) shows that summing up the expression in the 
right hand side of (|6.7p over all possible permutations (0 n (i) ■ ■ ■ O^^)) produces the expression in 
the right hand side of (16, 4p . 

Given < e < 1, we use repeatedly pointwise dual ergodicity and Egorov's theorem to construct 
a nested sequence of measurable subsets of E, with Aq = A, and for i = 0, 1, . . ., Ai + \ C Aj, and 

> (1 - s)fJ-( A i)> wnile 

1 - - 

(6.8) — } T k l Ai -> n{Aij uniformly on A i+1 . 

an k=i 

It is elementary to see that with v\ = B\ + &2 + • • • + #fc> v 2 = 02 + • • • + &ki ■ ■ ■ ) v k = @k, 

(6.9) F njA {ei...o k )~ 



1 oo oo j k \ 

a ™ mi=0 m k =0 W=l / 



1 



-til mi /n 



vmi=0 



j=2 \m,=0 



> 



a n ./Ai 



where the equality is due to the duality relation (|4.ip . Note that by (|6.8|) with i = 0, 

oo oo / i \ 

(6.10) Yl f m n A e- Vimi/n = (1 - e^ l/n ) T mi l Ao e~ Vli/n 

mi=0 i=0 \mi=0 / 
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11 



-v\i/n 



uniformly on A\ as n — > oo. Therefore, 



F n , A (0i ■ ■ ■ 9 k ) > (1 - 0(1)) i-^i f 



2o 



j~T| ^ 1 A o rpm2+...+mj e -Vjmj/n 



' A 1 j=2 \mj=0 



(l-o(l)) 



\m2=0 y 



1 /x(Aq)^i r -^i/ n 



a,-e 



J~J I ^2 l A o J ,m 3+-+ m j e - v i m j/ n 
3=3 \m.j=0 



>(l-o(l)) 



1 /x(A)M ^ „ „-^i/n 



at n 
n i=0 



Using now repeatedly (|6.8p with larger and larger i, together with the same argument as in (|6,10p . 
we conclude that 

1 fi(A )n(A 1 )v 1 v 2 



F nA (0i...9 k ) > (l-o(l))- 



h=0 



12=0 



* A 2 j=3 \m,=0 



1 rii=0 V( A j)Vj+l 



>->(i- j " j=u "„v"""' n e 



a, ; e ^ 



8j «/n| M4) 



i=i \i=0 



>(i- (i))(i- £) ^ (^)V..^n(E 

V n ' j=l \j=0 



ai e- v ^ n 1 



Extending the sequence (a n ) into a piece- wise constant regular varying functi on of real variab le 
(a(x), x > 0) and using Karamata's Tauberian Theorem (see e.g. Section 3.6 in lAaronsonl ( 19971 )). 
we conclude that for every j = 1, . . . , k, 

oo 

V ai e-^ i/n ~ T(l + m—aCn/vj), n -> oo . 
^— ' ii- 



It follows that 



i^i • • • fc ) > (1 - o(l)) (1 - e) ki - k+ ^ 2 ( M (A)r(l + /?)) [] 



fc y-i- a(n/vj) 
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-> a - e) k{k+i)/2 ua)t{\ + /?)) k n v f 



by the regular variation. Since this is true for every < e < 1, we have obtained the lower bound 

(6.11) limmf F n>A {ex ...6 k )> {p{A)T{l + /3)) fc ((^i + • • • + Wa + • ■ ■ + Ok) ■ ■ ■ k )~ P • 

The lower bound (|6.1ip is valid for any measurable set A with < fJ>(A) < oo. We will now show 
that for any k > 1 and < 6 < 1 there is a measurable set Aj. g C A such that 

(6.12) > (1 - 0)n(A) , 
and such that 

(6.13) limsupF niAfc (5i ...%)< (/i(Afc,fl)r(l + /3)) fe ((#i + • • • + fe )(0 2 + • • • + 0*) . . . 9 k y P . 

We know that (|6.1ip and (|6.13p together imply (|6.7p . hence that (|6.2p holds for the set Afc^. We 
claim that this implies that (I6.2p for every measurable A with < n{A) < oo. 

Indeed, suppose that, to the contrary, (I6.2p fails for some measurable A with < //(.A ) < oo, 



Aaronson ( 19811). the k 



some k > 1 and some < ti < ... < By the one-dimensional result of 
components in the left hand side of (|6.2p . individually, converge weakly. Therefore, the sequence 
of the laws of the fc-dimensional vectors in the left hand side of (]6.2p is tight, and so there is a 
sequence of integers ni f oo and a random vector (Yi, . . . , Y k ) with 

(6.14) (Yx, . . . , Y fe ) ^ fi(A)T(l + /3)(M^(ti) . . . M p (t k )) , 

such that 

(6-15) — {S lnth] (1 A ), . . . , S lnitk] (1 A )) ^(Y 1 ,...,Y k ), 

a ni 

when the law of the random vector in the left hand side is computed with respect to fj, A . It follows 
from (|6.14p that there is a Borel set B C R fc such that, for each b > 0, bB is a continuity set for 
both (Yi, . . . , Yfc) and /i(j4)r(l + /3)(Mg(ti) . . . Mp{t k )) and (abusing the notation a bit by using 
the same letter P), 

(6.16) p(j i (A)T(l + p)(M f} (t 1 )...M fi (t k ))€B) > (1 + P )p{(Y 1 , . . . , Y k ) 6 B 

for some p > 0. In fact, since the law of a Mittag-Lemer random variable is atomless, such a B can 
be taken to be either a "SW corner" of the type B = rij=i( — °°i x j) f° r some (x\, . . . , x^) S or 
its complement. 

Choose now < 9 < 1 so small that 

(6.17) (l-0)(l + p)>l, 
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and consider the set A^g. It follows from (|6.15p and Hopf's ergodic theorem that 

when the law of the random vector in the left hand side is still computed with respect to \i A - 
However, since ()6.2f) holds for the set Ak t e, we see that 

P((F 1 , Y k ) € b) = hm n A (-L (S lnih] (l Akt ,), fif rnitfcl (i AM )) e^i^lfl 

= "Mir & ^ M t ( Ml1 ( m) ' " " ( ~M^T 



> (l-0)P^(A)r(l+/3)(M /3 (t 1 )...M^(t fc )) 

>p((y l5 ...,y fc ) gb), 

where the last inequality follows from (|6. 16|) and (|6.17p . This contradiction shows that, once we 
prove (|6.13p . this will establish (|6.2|) for every measurable A with < fi(A) < oo. 

We call a nested sequence (Aq, A\, . . .) of sets in (|6.8p an e-sequence starting at A . Its finite 
subsequence (Aq, A\, . . . , A^) will be called an e-sequence of length k + 1 starting at Aq and ending 
at Ak- Let ^4 be a measurable set with < n(A) < oo. Fix < 9 < 1. Let < r < 1 be a small 
number, to be specified in the sequel. We construct a nested sequence of sets as follows. 

Let Bo = A. Construct an r-sequence of length k + 1 starting at Bo, and ending at some set 
B\ C 6q. Next, construct an resequence of length k + 1 starting at B\, and ending at some set 
B2 Q B\. Proceeding this way we obtain a nested sequence of measurable sets A = Bq D B\ D 
B2 5 . . ., such that 

n 

MAO > 11(1 -r*)* MA n = l,2,... . 

i=l 

The sets (B n ) decrease to some set with 

00 

m^m)>II(i -»•')* ma 

i=l 

Notice that, by choosing < r < 1 small enough, we can ensure that (|6.12p holds. Note, further, 
that by construction, for every d = 1, 2, . . ., 



M4fe,e) > fdKBd), with / d = J] (1 

i=d+l 



r i)k 



Clearly, /<j f 1 as c£ — >• 00. Starting with the first line in (|6.9p . we see that 

1 oo oo Ik ' 

b^ m (^...^) < (1+0(1))^ x; ••• e e- n -^u^^ Bd if] T -(m 1+ ... +mj)Bd 

n mi=0 m fe =0 \j=l , 



MBQ 
MA<0 



2N 



1 1 
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/ oo \ k 

f mi l Bd 1 e ~ Vimi / n J Y\ I ^ l Bd °T m2+ - +rn i e~ v i' u > " 



dfx Bd 



\mi=0 / j=2 \m,j=0 

Using repeatedly uniform convergence as in (|6.10j) above, we conclude, as in the case of the corre- 
sponding lower bound calculation, that 

F„ A ,, m ...«<(i +o( i))i^^%^f;, 



-vii/n 



i=0 



' B d 



f m2 l Bd i e~ V2m2 / n \ Y\ I ^ \ Bd oT mz+ --- +m ^ e~ Vjm ^ n 

\m2=0 J j=3 \mj=0 



d[i Bd 



<---<(l + o(l)) T 



fd v na n 



■■■'*) iKD 



el 



As in the case of the lower bound, Karamata's Tauberian theorem shows that 



ate 

j=l i=0 

k oo 

a-ie 

j=l i=0 



K OO 



F n ,A k ,e (*1 ... 0*) < (1 + T7^ (M(^)r(l + 0)) " II 

JdJ&-l V y i= i a ™ 



fdfd-l 

as n — > oo. Since this is true for every d > 1, we can let now d — > oo to obtain (|6.12p . and the proof 
of the theorem is complete. □ 

Remark 6.2. It follows immediately from Theorem 16 . 1 1 and continuity of the limiting Mittag-Lefner 
process that for the continuous process (S n ) defined in (|6.3p . strong distributional convergence as 
in (|6.ip also holds, either in D[0, oo) or in C[0, oo). 

We use the strong distributional convergence obtained in Theorem 16.11 in the following proposi- 
tion. 

Proposition 6.3. Under the assumptions of Theorem \6.1l let A be a measurable set with < 
/j,(A) < oo, such that (j5.4|) is satisfied, and suppose that the function f is supported by A. Define a 
probability measure on E by /U n (-) = fl {(f < n})/fi({(p < n}), where (p is the first entrance time 
of A. Let < t\ < ■ ■ ■ < t B , H > 1, and fix L € N with t B < L. Then under fJ, n L, the sequence 
{S\nt h ~\{f)/ a n)h =1 converges weakly inM. H to the random vector (//(/)r(l + f3)Mp(th — T^) + ^ =1 , 
where is a random variable independent of the Mittag-Leffiier process Mp, with P(T^ ] < x) = 
(x/L) 1 - 13 , < x < L. 
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Proof. Since T preserves measure for the duration of the proof we may and will modify the 

definition of S n to S n (f) = J2k=o f ° T k , n = 1,2, Fix 0i, . . . , 0# € M and let Ael. Since / is 

supported by A, we have, as n — > oo, 



V an / l =i / 

H(tp < nL)~ l f* ( A m n | — e hS lnth] (/) > A j") 

m=l V I ° n h=l J / 

nL / f 1 if 

< nL)- 1 ^ Ji m nr m -j; h s (rntk 

m=l V I fln h=l 
■ , nL 



)-m)+(f) > A 



. e /i'%>it ;i l-m) + (/)>-W} 

m=l 



Note that the measure on E defined by rj(-) = J Kdfi with K in (|5.4p is necessarily a probability 
measure. We conclude by (|5.4p that 



/ 1 - \ nL / H 

(6.18) u nL - £ 9 h S lnth] (/) > A U V[ - E 1 

\ n h=l / m=l V n ft=l 



»/ l 5 (rnthl _ m)+ (/) > A p n (m) 



where p n (j) = fj,(Aj)/ Y^Li M(-^m)> J ' = 1> • • • > n -^> is a probability mass function. Let be a 
discrete random variable with this probability mass function, independent of SV n .-i(/), which is, in 
turn, governed by the probability measure r/. If we declare that is defined on some probability 
space \£l n ->FniPn)-> then the right hand side of (|6.18|) becomes 

Since 7/ is a probability measure absolutely continuous with respect to u, it follows from the 
strong distributional convergence in Theorem 16.11 that 

(6.19) — 5 rH (/)^//(/)r(l + /3)M^-) inD[0,L], 

On 

when the law in the left hand side is computed with respect to r]. On the other hand, by the regular 
variation of the wandering rate sequence and (|4.5|) . for x 6 [0, L], 

(6.20) P J^< x )Jf; Pn{m) ^„(*V-e 

V n i w nL 

\ / m=l 



30 



TAKASHI OWADA AND GENNADY SAMORODNITSKY 



which is precisely the law of T^d ■ We can put together (|6.19p . (|6.20p . and independence between 
S n and Tn to obtain 

^ ^E^ 5 rnt,i(/) > a^p \^{f)Y{i + p)^e h Mp{{t h -Tg)) + ) > x^j 

for all contin uity points A of the right hand side, and all 9\ ... Oh € K by, e.g., Theorem 13.2.2 in 
WhittJ (|2002j ). This proves the proposition. □ 



7. Proof of the Main Theorem 

In this section we prove Theorem [5J~J We start with several preliminary results. The first lemma 
explains the asymptotic relation ([57 



Lemma 7.1. Under the assumptions of Proposition [673[ assume, additionally, that the set A sup- 
porting f is a Darling-Kac set. Let < a < 2. // 1 < a < 2, assume, additionally, that f 6 L 2 (u), 
and that either 

{i) A is a uniform set for \ f\, or 

(ii) f is bounded. 

Then 

l/a 



(7.1) 

and (15.71) holds. 



\Sn(f)\ a dv 



\Kf)\C a ^a n w 1 J a as n 



oo, 



Proof. It is an elementary calculation to check that (|7.ip implies (|5.7p . so in the sequel we concen- 
trate on checking (|7.ip . It follows from (|4.5p and the fact that / is supported by A, that 



(7.2) 



E 



l/a 



S n {f)\ a dA = a n {^ < n)f /a A^ ~ a^A^ , 



where A^ = (J E \S n {f) / a n \ a d^ n ) l / a . Therefore, proving (|7.ip reduces to checking that 
(7.3) A^^\u(f)\C a ^ asn^oo. 

If a = 1 and / is nonnegative, then this follows by direct calculation, using the definition of C Q;/ g. If 
/ is not necessarily nonnegative, we can use the o bvious bound — 5 n (|/|) < S n (f) < S n (\f\) together 



with the so-called Pratt lemma; see iPrattl (|l960l ). or Problem 16.4 (a) in iBillingslevI (| 19951 ). 

It remains to consider the case a € (0,1) U (1,2). Proposition 16.31 shows that (A^^j is the 
sequence of the a-norms of a weakly converging sequence, and the expression in the right hand 
side of (|7.3|) is easily seen to be the a-norm of the weak limit. Therefore, our statement will follow 
once we show that this weakly convergent sequence is uniformly integrable, which we proceed now 
to do. 
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Suppose first that < a < 1. Recalling the relation (14. 6p and the fact that T preserves measure 
fjL, we see that 



sup 





Sn(f) 







d/i n = sup 1 / \S n (f)\dfi 

n>l OnfJ>(<P < n) J E 



Ti i 

(7.4) < sup / \f\djj, <oo, 

n>i an^KV < n) J E 

which proves uniformly integrability in this case. 

Finally, we consider the case 1 < a < 2, when it is sufficient to prove that 

(7.5) sup / I dfi n < oo. 

n>l V a ™ / 

Under the assumption (i), since / is supported by A, we can use the duality relation (j4. 1 j) to write 
/ S n (f) 2 df, = n[ fd» + J2 fl [ f°T k f°T l dv 

JE JE i, i uJE 



k=l l=l,k^l ' 
n— 1 n— A: 

n 



, / / 2 # + 2VV / fif-fdv, 

JE t^l Pi jA 

so that 

/ (sMYd^K a / fd»+ 2 ' "EE/ n/i-i/i^ 

Clearly, n/(a^/i(y? < n)) — > 0. Further, since ^4 is uniform for |/|, 

1 n— In— fc „ „ 1 n 

— -vy / f j \f\ ■ \f\dfj, < — ^ — r / — y f j \f\ ■ \f\dn 



MI/I) 



2 



n 



Using (|4.6p . we see that (|7.5p follows. On the other hand, under the assumption (u), the ratio 
S n (f)/S n (lA) is bounded, hence for some finite C > 0, 

[ ( S nU)\\ <r f f Sn(U) \\ 

sup / < G sup / d\i n . 



n>\ J E \ a n / n>l J E 

However, the Darling-Kac property of A means that it is uniform for 1a, and so we are, once again, 
under the assumption (i). □ 

In preparation for the proof of Theorem 15. 1\ we introduce a useful decomposition of the process 
X given in (|2,ip . We begin by decomposing the local Levy measure p into a sum of two parts, 
corresponding to "large jumps" and "small jumps" . Let 

Pl (.) = p(- n {\x\ > l}), 

p 2 (-)=p(-n{\x\<l}), 



:!2 
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and let Mi, M2 be independent homogeneous symmetric infinitely divisible random measures, with- 
out a Gaussian component, with the same control measure p and local Levy measures p±, P2 
accordingly. Under the integrability assumptions (|5.2p , the stochastic processes X„ ' = f E f o 
T n (x)dMi(x), n = 1,2,..., for i = 1,2, are independent stationary infinitely divisible processes, 
andX n =xk 1] +Xi 2 \ n = 1,2,.... 

Our final lemma shows that, from the point of view of the central limit behavior in the case 
< a < 1, the contribution of the process (X^) , corresponding to the "small jumps" , is negligible. 



Lemma 7.2. If < a < 1, then 
(7.6) 



1 n 



(2) J> 



0. 



fc=l 



Proof. By Chebyshev's inequality, for any e > 0, 



HiE4 2, i>-„]<-^iA-« 



fc=i 



7? 



-(2) I 



(2) 

(since c n G RVp + (i_py a implies n/c n — > in the case < a < 1) as long as the expectation E\X\ \ 
is finite. Since for every pi > pq in (|5.ip and pi > 1, 

/ / |x/( a )|i(|x/( a )i>i)^(dx)/i((fa)< [ \ x r P {dx) [ \f( S )rp(d S ), 

Jejr J-i Je 

the expectation is finite because, by ()5.2j) . we can find pi as above such that J E \ f\ Pl dp < 00. □ 

Proof of Theorem \5.1[ We start with proving the finite dimensional weak convergence, for which it 
enough to show the convergence 



H 



H 



n h=l fc=l h=l 

for all H > 1, < t\ < ■ ■ ■ <tjj, and 9\ . . .Oh € M. Con ditions for weak c onvergence of infinitely 
divisible random variables (see e.g. Theorem 15.14 in iKallenbergl (12002 )) simplify in this one- 
dimensional symmetric case to 



J E \Cn h=1 J Jo 



rcn/IE*fc<sr|»t h l(/)l 

xp(x, 00) dfi 



„2-a 



a 



\p(fT [ [ 

J [0,00) 7n' 



H 



Y^0hM p {(t h -x) + ,J) 



h=l 



P'(du>')v(dx) 



and 
(7.8) 



/ P ( rc n\y20hS[ nth -}(f)\ 1 ,00 ) dp 
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r- a O*K/)|' 



J2e h M p {(t h -x)+,u/) 



h=l 



a 



P'{duj')v{dx) 



'[0,00) J(l' 

for every r > 0. Fix L G N with tn < £ and r > 0. 

Since the argument for (j7.7|) and the argument for (j7.8|) are very similar, we only prove (|7.7p . By 
Proposition 16.31 and Skorohod's embedding theorem, there is some probability space iSl* , J-*,P*~) 
and random variables Y, Y n , n = 1,2,... defined on that space such that, for every n, the law of 
Y n coincides with the law of a^ 1 J2h=i @hS\nt h ] (/) under (j, n L, the law of Y coincides with the law 
of K/)r(l + P) Eh=i QhM p ((t h - t£ ] )+) under P', and Y n -> F P*-a.s. 

Introduce a function 



00) cfe, y > , 



so that the expression in the left hand side of (|7.7p becomes 



T J h=i e hS\ nth \{f)\ 



d/j, = pLup < nL) E* 



4> 



dn\Y n 



By Karamata's theorem (see e.g. Theorem 0.6 in iResnickl (jl987l )). 



2-a 



p(ry, 00) as y — >■ 00 . 



so that, as n — > 00, 
(7.9) //(y> < nL)V 



r 



2 - a 
,.2 



fj,(tp < nL)\Y n \ a p(rc n a~ l ,00) 



+ JZT^K^ - ^)p(?'c n a n 1 ,oo) 



^(rcna,, 1 !!^! 1 ,oo) 
p(rc n an l , 00) 



By ([577]) , Lemma O and flj?pj , 

(7.10) ^(rcna- 1 , 00) ~ r - a C a (T(l + /?))"" (/^n))" 1 



as n — > 00 . 



This, together with the basi c prop erties of regularly varying functions of a negative index (see 
e.g. Proposition 0.5 IResnickl (j 19871 )). shows that the second term in the right hand side of (j7.9j) 
converges to 0. Therefore, 

„2-a / \y\ 



fj,Up < nL)ip 



(In. Y n 



2-a 



r(i + /3) 



Integrating the limit yields 



E* 



2-a 



r(i + /?) 



„2-a 



2-a 



C a L 1 ^\p{f)\ a E' 



H 



^^(((,-TW) + ) 



.h=l 
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H 



„2— a/ 



a 



WW I I \ Y^e h M p ((t h -x) + M)) p'{dJ) v {dx), 

J[0,00) JQ> J 

which is exactly the right hand side of (|7.7p . Therefore, in order to complete the proof of (j7.T|) . 
we only need to justify taking the limit inside the integral. For this purpose we use, once again, 
Pratt's lemma. We need to exhibit random variables G n , n = 0, 1, 2, . . . on (f2*, J 7 *, P*j such that 

(7.11) n(<p < nL)^ (-^ n ) < G n P*-a.s., 

(7.12) G n ->• G P*-a.s., 

(7.13) E*G n — > E*Gq e [0, oo). 

We start with writing (using (|7.1U|) ) 

where C\ > is a constant. Suppose first that 1 < a < 2, and choose < £ < 2 — a. Then by the 
Potter bounds (see Proposition 0.8 in iResnick! (|l9871 )). for some constant Ci > 0, 

W{c n a n ) 

for all n large enough. Further, since y 2 ip(y) — > as y -J, 0, we have, for some constant G3 > 0, 

'a \ 2 \Y I 2 

\ J n.\ 



"iM?r 1{ ^ fl " |y " i} - Cs v< 



hence, for some constant C4 > 0, 

(7.14) »{ip < nL)^ f-^J) < G 4 ( \Y n r* + \Y n \<*< + f 

\ On I * n I / V \Cn / 

for all n (large enough) and all realizations. We take 



\Y n \ 



l n = C 4 (^YX-t + \Y n \ a+ t+(^)' 



a,, r, I |v„|"--!-ir„|"- -!-(-| / j y " 1 ' ) n- 1,2, 



G = G 4 (|yr~ 5 + |yr +? ). 

Then (|7.1ip holds by construction, while (|7.12p follows from the fact that 

7u S W(i_ j 3)(i_ 2 /a) , 



\ 2 1 
On \ 1 



. C nJ 1p(c n an ) 

and (1 — — 2/a) < 0. Keeping this in mind, and recalling that, by (|7.5p (which holds also 
for a = 1 under the assumptions of the theorem), sup n>1 E*Y^ < 00, we obtain the uniform 
integrability implying f|T. 13|) . This proves (|7.7p in the case 1 < a < 2. 
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If < a < 1, then Lemma IT21 allows us to assume, without loss of generality, that p(x : |x| < 
1) = 0. Then ^ is bounded on (0, 1], so that for some C5 > 0, 



ip(c n a n l \Y r 



tp(c n a n 



U 1 {c n <a n \Y n \} < C5- 



\Y n 



ip(c n a n 



and the upper bound (|7.14p is replaced with 



<C 6 \Y n \ a -t + \Y n \ a+ t + 



\Y 

- 1 n. 



for some Cq > 0, where we now choose < £ < 1 — a. Since 

a n 1 



c n ^c n a^) G ^-W-V-J 
with (1 — /3)(1 — 1/a) < and sup n>1 i?*|y n | < 00 by (|7,4p . an argument similar to the case 
1 < a < 2 applies here as well. A similar argument proves, in the case < a < 1, the "positive" 
version described in Remark 15.41 

It remains to prove that the laws in the le ft hand side of (|5.9p are tight in D[0, L] for any fixed 
L > 0. By Theorem 13.5 of iBillingslevi (|l_999), it is enough to show that there exist 71 > 1, 72 > 
and B > such that 

\ns~\ \nr~\ \nt] 



P 



\ns\ 



linn 1 \ ^2 x k - ^2 x k\, \^2 x k - ^ x k \ i > Ac n 

k=l k=l 



B r 
< "\ it 



k=l k=l 

for &110<r<s<t<L,n>l and A > 0. We start with a simple observation that, in the case 
< a < 1, we may assume that the function / is bounded. To see that, note that we can always 
write / = /1|/|>a/ + /1|/|<M) an d use the finite-dimensional convergence in (|5.10p and the fact 
that m(/1|/|>m) — > as M — 00. 

Next, for any 0<a<2, if0<t — r< 1/n, then the probability in the left hand side vanishes. 
If X n = Xn + x n \ n = 1,2,... be the decomposition described prior to Lemma 1731 We start 
with the part corresponding to the "small jumps". Note that, by Lemma [7.2l this part is negligible 
if < a < 1 (since we can apply the lemma to the supremum of the process). Therefore, we only 
consider the case 1 < a < 2, and prove that there exist 71 > 1, 72 > and B > such that for all 
< s < t < L, n > 1, \t - s\ > 1/n and A > 0, 



(7.i5) ^(|E4 2) -E^ 

k=l k=l 

Note that the Levy-Ito decomposition yields 

\ns] 



(2) 
k 



\nt\ 
k=l 



k=l 



(2) d 
k ~ 



S\ n t]-[na] if) dM 2 

JJ„ xS \, n i) - M (f) d ^ 2 + 



\^S^ nt i i _^ na i i (/)|<Ac„ 



// 

J J\x 



xS\nt}-[n S ](f)dN 2 , 



(/)|>Ac„ 
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where N 2 is a Poisson random measure on R x E with mean measure P2 X p and N 2 = ./V2 — (p2 x A 4 ) • 
Therefore, 



\nt\ [ns] 

p(|E4 2) -E4 2) 



fc=l 



fc=l 



(7.16) < P 




xS^ nt -\v ns -\{f) dN 2 

\xS { 

rut — ns 

l(/)l<ACn 



> Ac n + P 




It follows from (15.111 that for some constant Ci > 



P 



rvt — ns 

l(/)l<Ac„ 



> Xc n < 



1 



1 



E 



xS[nt}-\ns](f)d N 2 >0 

^•5rnti-rn»i(^)l >Ac " 



a:5r n ^_p ns -|(/)diNr 2 

l(/)l<Ac„ 



^S , |- ntl _ M (/)| p 2 {dx)dp 



\2 r 2 

c " J - , I^S|- nt -|_|- nsl (/)|<Ac„ 



< 4 

< 



E 



S { nt]-\ns](f)\ 2 r^/l 5 r-l-M(/)l 

I / xp 2 {x,oo) dx dp 

ACn / ./n 



CI/" 

A^^ J E \ S \nt]-\ns](f)\ PO dfl. 



Similarly, for some constant C2 > 0, 
P 



xS lnt] _ lns] (f)dN 2 > 0) < P(iV 2 {|x,S rnt1 _ rnsl (/)| > Xc n } > 1) 

nt — ns 

<SiV 2 {|a;5 r „ tl _ rns i(/)| > Ac n } 



= 2/ P2(Ac n |SY nt -|_r ns i(/)[ 1 ,oo)dp 
Je 



so that, in the notation of (|7,3p . 



fc=i fc=i n je 



\po p{ip < n) 



d + C 2 p(ip < \nt] - [ns]) / (A 

\nt] — \ns~\ ' 



\Pt) 



I'll 



It follows from (17.51) that 



i(po) 



sup AY "A r 1 < 00. 

n>l,0<s<t<L 



Next, we may, if necessary, increase po in (|5.ip to achieve po > a. In that case, the sequence 

~/3)(po/a-i) diverges to infinity, so for some constant C3 > 0, 



n Je 



-3* / l%tl-M(/)l P0 ^<a 

Crj. 



< n) 



Pa 
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By the regular variation and the constraint t — s > 1/n, for every < rj < min(/3, 1 — /3), there is 
C4 > 0, such that 

My<rn(*-«)i) < Ci ( Ht-s)]\ < 2l . H C4 _ 



< 2^ C 4 (t - s 
Therefore, for some constant C5 > 0, 



\nt\ [ns] 

a+(p Q -l)/3-(H-po)»7 



^(|£4 2, -£*f|>v„)<c 5i; L( 4 -»)' 



fc=i fc=l 

Since po > & > lj we can choose 77 > so small that 1 + (po — l)/3 — (1 +po)r/ > 0. This establishes 

CHS}. 

Next, we take up the process (Xn ). Levy-Ito decomposition and the symmetry of the Levy 

measure p\ allow us to to write, for any K > 0, 

-. \nt\ \nt\ \ni] 

1 E4 1) = 1 E// *fkdN l + ^Y. X f k d Nl 

° n k=l Cn k=i J J\ x fk\<Kc n a n l c n k=1 J J\xj h \>Kc n a n x 

where N\ and N% are as above. Here we first show that or any e > 0, 
(7.17) lim limsupP( sup \Zg' K \t)\ > e) = . 

K-toc n->oo 0<t<L 

Consider first the case 1 < a < 2. Choose < r < 2 — a, and define 

f 1 if < w < 1 

«(«/) = I w - [a+T) ifw > h 

g(w) = ((w + 1)k(w)) , w > . 
Since 2g(w) / g(u) > 1 for < u < u>, we have 

P( sup \Z^ K \t)\ > e) < P ( [ [ \x\^\f\oT k l{\x\\f\oT k > Kcna-^dNx^eCr) 

0<t<L \J JRxE k ~ l J 

pil It \x\ y*\f\oT k g(\f\oT k )— 3_ -dN 1 >ec^\ 



fc=i 

<-c~ l E \ II \ x \Y\f\oT k g(\f\oT k )— 3- -dNx 1 

/oo 
xiyKc n a~ l jx + l)«;(i , Cc n a~ 1 /x) , 

where C\ > is another constant. It is now straightforward to check that for some constant C2 > 0, 

limsupP( sup \Z^ K \t)\ > e) < C 2 K^ a ^ . 

n->oo 0<t<L 
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This implies (|7.17j) . 

On the other hand, let < a < 1. Recall that we are assuming that the function / is now 
bounded. We have 

P{ sup \Z^ K \t)\ >e)<P{ max Aq{(x,s) : \xf k (s)\ > Kc n a- X } > l) 
0<t<L k=l,...,nL 

<EN\{(x,s): \x\ max |/fe| > Kcnd^ 1 } 

k=l,...,nL 

( Kc n a~ x \ 
P 1 iTT' 00 ) d P ■ 

E \ max fc=l,...,nL \jk\ J 

If we denote || / ||= sup xg £ \ f{x)\ < oo, then we can use once again Potter's bounds to see that for 
some constant C\ > and < £ < a, 

P1 (Kc n a-\^ k \f k \r\^) ((i n u > a+e 

< Ci I T7 , max \f k \ + — max 



Pi(c n «n 1 ,oo) I \if fe=l,...,nL / fc=l,...,ni 

Therefore by (14. 5p . (15. 7p and the fact that / is supported by A, for some constant Ci > 0, 



P{ sup \Z^ K \t)\ > e) < 2C lPl (c n a- 1 ,oo) / max " + f 1 max d/x 

0<t<L 7_E k=l,...,nL J \K k=l,...,nL J 

<2C lPl (c n a-\oo) H^p) 



+ ( ^ ) I < ^) 



f ii \ /ii f ii \ 



K l \ K 

and CLUD follows. 

It remains to consider the processes {Z^ ' (i),0 < t < L}, n = 1,2, . . . for a fixed -ftT > 0. In 
the sequel we drop the superscript K for notational convenience. We will show that exist 71 > 1, 
and B > such that for all < s < t < L, n > 1, t — s > 1/n and A > 0, 

(7.18) P(\zP(t) - Z£\s)\ > A) < £(t - . 



Indeed, by Chebyshev's inequality and the fact that / is supported by A, we see that 
p(\ Z W(t)-ZW( S )\>X)<-^E 



fc=1 J J \xf k \<Kc n a n 



2 f"(t^)l r "^ s)1 /■ /-^anVl/fclVl/il 

- TTT z2 \fkfi\ x 2 p 1 (dx)dp. 

x c n t~, JE Jo 



k=l 1=1 

It follows from the Potter bounds and the fact that p\ does not assigns mass to the interval (0, 1) 
that for any < £ < 2 — a there is C > such that for all a > large enough and all r > 0, 

J ra x 2 pi (da;) 



JqX 2 pi{dx) 



< C(r 2 - a -Z Vr 2 ~ Q+ «) . 
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Therefore, for all n large enough, for some constant C\ > 0, 

\n(t- a y] \n(t-s)-\ 



P(\zi l \t)-Z^(s)\>\)< 



Ci 

Ci 
X 2 c 2 



E E 

k=l 1=1 
\n(t-s)] \n(t-s)-\ 

E E 



\fkfl\ 



\fkfl\ 



dp I x 2 p\{dx) 



(l/ fc |v|/ ; |) 2 -^ 



dp I x p±(dx) . 



k=l 1=1 

Note that by Karamata's theorem, (j4.5j) and the definition (|5.5p of the normalizing sequence (c„) 
there is C2 > such that 



x 2 pi(dx) < C 2 — . 



If 1 < a < 2, we impose also the constraint £ < a — 1, and use the relation 
(7.19) 



so that 



(l/fc|V|/ z |) 2 -«±5 
fn(t-s)l fn(*-s)l 



[n(t- s )i r«(t-*)i , 

E E / (IMa|//I)(!Mv|/ ; 
nan k =i 1=1 Je 



dp I x 2 pi(dx) 



l\) dp 



<2C 2 - 



na r , 



\n(t-s)] I \f\ a ^dp 
E 



[n(t-a)"]-l \n(t-s)~\ 



+ E E (7 \fi\\fk\ a - 1 ^dp+ [ ifkur^dp) 
k=i i=k+i ^ Je Je ' 

:= J n (l) + J n (2) + J n (3). 

The fact that i — s > 1/n and (a n ) is regularly varying with the positive exponent /?, shows that 
for any 1 < 71 < 1 + /3 there is some constant C3 > 0, such that for all n = 1, 2, . . ., 

Jn(l) < c 3 (t - s yi . 

Next, by the duality relation (|4.ip . 



Jn(2)<—(t-s) ]T I \fk\\f\ a - lTi dp 

E T k \fr^\ dp. 

n JA\ k=l I 



If / is bounded, then by the Darling-Kac property of the set A we have, for some constants 

c 4 , c 5 > 0, 

j n (2) < c A (t - s) ain(t - s)] p(\f\) < c 5 (t - s y\ 1< 71 < 1 + p , 
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by the regular variation of (a n ). If, on the other hand, A is a uniform set for |/|, then we can write 

fn(t-s)l \n{t-s)~\ \n{t-s)~\ 

^2 f k \f\ a -^< ^ f k i A + T k \/\, 

k=l k=l k=l 

and obtain the same bound on J2 by using both the Darling-Kac property and the uniform property 
of the set A. A similar argument shows that, for some constant Cq > we also have 

Jn(3) <C 6 (t- S y\ K 7l <l + /3, 

which proves (17. 181) in the case 1 < a < 2. 

Finally, for < a < 1 the same argument works, if we replace the relation (|7.19p by 

mvw^ - {lfkl A wm^ = {lfkl A m) (l/fcl v m " ' 

respectively if a = 1 , and 

(\fk\v\m^- {lfklAm)aM 

if < a < 1. This proves (I7,18p in all cases and, hence, completes the proof of the theorem. □ 
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